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P.R.-REGULATED SYSTEMS OF NOTATION AND THE
SUBRECURSIVE HIERARCHY EQUIVALENCE PROPERTY(})
BY
FRED ZEMKE

ABSTRACT. We can attempt to extend the Grzegorczyk Hierarchy trans-
finitely by defining a sequence of functions indexed by the elements of a
system of notation §, using either iteration (majorization) or enumeration
techniques to define the functions. (The hierarchy is then the sequence of
classes of functions elementary in the functions of the sequence of func-
tions.) In this paper we consider two sequences {F.};cs and {G,},es
defined by iteration and a sequence {E,},s defined by enumeration; the
corresponding hierarchies are {%,}, {8,}, {6,}. We say that § has the
subrecursive hierarchy equivalence property if these two conditions hold:

N6, =9, =8 foralls€S;

(D) &, = &, forall s, t € & such that |s| = |7 (Js| is the ordinal denoted
by s).

We show that a certain type of system of notation, called p.r.-regulated,
has the subrecursive hierarchy equivalence property. We present a nontrivial
example of such a system of notation, based on Schitte’s Klammersymbols.
The resulting hierarchy extends those previously in print, which used the
so-called standard fundamental sequences for limits < e,.

1. Introduction. The purpose of subrecursive hierarchies is to classify
interesting classes of general recursive functions (perhaps ultimately all gen-
eral recursive functions), according to “complexity”, with a strictly expanding
nest of sets indexed by ordinals. This is done by defining a sequence of
progressively more complex functions, and then forming from each function
the least class closed under certain operations. The two basic techniques
which have been used to define the underlying sequence of functions are
iteration (first found in Grzegorczyk [4]) and enumeration (Kleene [6]). Both
techniques rely on diagonalization at limit ordinals A. For example, if a
sequence of functions G,(x) has been defined for all » < w, one might define
G,(x) = G(x). In general, the diagonalization at limit A requires the choice
of a fundamental sequence {A[n]},,, for A, i.e., a strictly increasing sequence
of ordinals whose limit is A. In the example given, G (x) = G,((x), where
w[x] = x.
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The choice of fundamental sequences is arbitrary. To avoid this, one might
consider, say, all “primitive recursive” fundamental sequences, using systems
of notation (Kleene [5]) to make this precise. If the classes so formed were
independent of the choice of fundamental sequences, the technique would be
justified. Axt [1], however, found that this fails at w?, and Feferman [2] found
an even more radical “breakdown” of the hierarchy at w2

In view of the breakdown of the hierarchy, researchers have fallen back on
making unique choices of fundamental sequences, confining themselves to the
so-called “standard” fundamental sequences. The resulting hierarchies pro-
vide convincing classifications of the n-recursive functions (Robbin [8]) and
the functions primitive recursive in all finite types (Schwichtenberg [12}-also
known as the ordinal recursive functions, Wainer [14]). Thus far the
hierarchies in print extend over g, but Wainer [15] states that he has extended
them up to I, using the fundamental sequences in Feferman [3].

The notation of standard fundamental sequences for larger ordinals is
progressively more obscure. While we can see fairly natural choices for some
distance, there seems to be little point in further ad hoc methods. Rather, the
time has come to seek a general theory of subrecursive hierarchies. The first
step in such a program would be to seek conditions on systems of notation
sufficient to prevent the breakdown of the associated hierarchy, yet weak
enough to admit the accepted standard fundamental sequences. This paper
presents such a condition, called “p.r.-regulated”, which guarantees the “sub-
recursive hierarchy equivalence property” (essentially, that the iteration and
enumeration hierarchies defined on the system of notation coincide and are
independent of fundamental sequences at each ordinal level).

In §2 we treat preliminary matters of encoding and standard fundamental
sequences. In §3 we define p.r.-regulated systems of notation, and present a
nontrivial example utilizing Schiitte’s Klammersymbols (this system embraces
the standard fundamental sequences). In §4 we define the subrecursive
hierarchy equivalence property and prove that every p.r.-regulated system of
notation satisfies this property. Finally, in §5 we outline areas of further
research which this result makes possible.

2. Preliminaries. 9U is the set of natural numbers {0, 1, 2, 3,...}. By
function, when the domain and range are not specified, we mean a function f:
N"* — 9N, where n is a positive integer. A partial function is a function f:
K — 9N, where K C 9" for some positive integer n.

The class of primitive recursive functions is denoted %. The class of
elementary functions (Grzegorczyk [4]) is denoted &. If S is a class of
functions, then &(S) is the class of functions elementary in . If § =
{fis--.»f,) is a finite set of functions, we also write &(f},...,f,)
{&6"} peq is the Grzegorczyk Hierarchy [4].
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If Q(x,,...,x,)is a relation (or predicate), then the characteristic func-
tion of Q is defined by

1 iff ooy Xn)s
Chary(xy, .. .5 X,) = 1 Q2(x X,)
0 iffnot Q(x),...,x,),

Q is said to be elementary in & if Chary, € &(5).
The function f defined by

the least z < x, such that Q(z, x5, ..., X,)
F(xp oo %) = if such z exists,
0 otherwise,

is said to be defined by limited minimization, and is denoted by
F(xp oo x) = (12 < x)Q(xp -+ -5 %)

If fis a unary function, the iterates of f are defined by the primitive
recursion

) =x fr1(x) =" ()

In §4, following Schwichtenberg [10], we will use the following encoding
{Xgy +++s X, Of finite sequences of natural numbers x, . . ., x,. A sequence
Zps -+« Zg is @ modified binary representation of x if each z; (0 < i < m) is
either 1 or 2 and x =2"z, + 2" 'z, _, 4+ - -+ + 2z, + z,. The empty
sequence is taken as the modified binary representation of 0. Thus each
natural number x has a unique modified binary representation b(x), which
we shall write as a concatenation of digits b(x) = z,,z,,_, * - * z,. For exam-
ple, 5(3) = 11, b(5) = 21, and b(0) is the empty string.

The ternary value of a string of digits z,,z,,_, * * * 2o iS 1(ZyZpy—1* * * 20) =
3", + 3™ 1z, _, + -+ + 3z, + z, The ternary value of the empty string is
0. Now let

<x0’ Xpoeoos xn> = t(b(xn)Ob(xn—l)o U Ob(xo))

For example, (3, 0, 5) = #(b(5)056(0)0b(3)) = #(210011) = 571. The proper-
ties of this encoding which we will need are summarized in the following
lemma, most of which is taken from Schwichtenberg [10].

I.:.EMMA L) 27.63% < (xgo Xps - - 25 X, < 317 o(x; + 1)2

(i) If x # O then there are unique k and unique xg, X, . .., X, such that
X =Xgy Xp5 00 oy Xppand x, # 0.

(iii) The following functions are elementary:
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In, (X0 Xp5 oo o5 X,) = (X v v 05 X5

Out(x, i) = (x),=x; wherex = (Xp, X ..., Xy .. ),

Ln(x)=n+1 ifx={xpxy,...,x,yand x, # 0,
=0 ifx=0=40,0,0,...),
Re(y, x) = (y, X}, X3, . .. ) where x = (xg, X}, X35 . . . ).
ProoF. All of this is proven in Schwichtenberg [10], except the lower bound
on {Xg .+« vy X0t
(Ko X1+ s Xpy = 1(b(x,)0b(x,-1)0 - - - 0b(xo))
n n
> D t(b(x))3> X 3,
i=0 i=0
In §3 we shall use the more common encoding [aqp ..., a,] =

pgof .. .pM, where {p;};cq is the primitive recursive enumeration of the
primes (p, = 2). The coordinate function for this encoding is

Co(z, i) = (pa < z)[ pflz and p?*' } z],

which is primitive recursive.

In §4 we shall define a sequence of functions which proceeds by enumera-
tion. The definition of this sequence depends on the assignation of an index
#,(f) to every function fin & (h), according to the following scheme:

S(xp o5 X)) =h(xp .. .5 x,), #,(h) = <0, p),
fxp oo x)=Ci(xpp ..., x)=¢, #,C)={ln,c),
FOp oo s %) = Ug(xyp .. X)) = X, #,(Ul) = (2, n, i),

f(x’.Y)=x+y’ #h(+)=<3’2>’
f(x’y)=x"—y’ #h(;)=<4’ 2>’
F(xp o5 x,) #(f) = < 5.n, #,(8), #4(k1)s
=g(ky(Xp oo Xy e v s Eo(Xgs - -5 %) oo B (),
fOxp oo %) = <2 8(i, Xp .. x,),  #y(f) = (6, n, #,(2)),
fOn o) =11 gl xy ..., %), #,(f) = (T, n, #,(g))-
i<x)

This scheme of assigning indices t. 'nctions of & (k) differs slightly but
inconsequentially from that of Schwichtenberg [10]; the above scheme is
closer to Grzegorczyk’s definition of the class of elementary functions in [4].
Any function f which is elementary in h receives infinitely many indices
under this scheme; the scheme actually assigns indices to the various ways of
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defining f in & (k). However, this abuse of notation should not harm us.

If f is an elementary function, then f can be defined without recourse to the
given initial function 4. An index of an elementary function, with no instance
of €0, p) = #,(h) in it, is called an absolute index, denoted # (f).

Notice that the class of indices and the class of absolute indices are
primitive recursive. Consequently there are primitive recursive predicates

Ind b iff b is an index of a function,

Alnd b iff b is an absolute index of a function.

Now let

el (b, a) = [ f((@)y (@) ..., (a),_,) ifbisan index of f relative to h,
0 otherwise.

Then el* & & (h); however, el” is primitive recursive in A.

The functions which we shall use to maniuplate this enumeration of & (h)
are listed in the next lemma. Parts (i) and (ii) are found in Schwichtenberg
[10], and part (iii) is proven similarly.

LEMMA 2. There are elementary functions Sb,, It and Mn, such that:

@ If fOxp ey x) =8k vy X)) v o v s k(X « « + 5 X)) and
f8 k..., k, € &(h), then Sb(#,(8), #,(k)), ..., #,(k,)) is an index
of f, relative to h.

(i) If f(x) = g"(x), where f, g € & (h), then It(n, #,(g)) is an index of f,
relative to h.

@id) If f(y, xp5 0 o o5 %) = (2 < »)Q(2, Xy - - . 5 X,,), where Q is a relation
elementary in h, then Mn,(# #(Chary)) is an index of f, relative to h.

A normal function is a continuous, strictly increasing function mapping an
initial segment of the ordinals to ordinals. Normal functions are discussed in
Veblen [13].

If A is a countable limit ordinal, then a fundamental sequence for A is a
strictly increasing sequence of ordinals, whose supremum (or limit) is A. In
contexts where only one fundamental sequence for A is under discussion, we
write A[n] for the nth term in the fundamental sequence. Veblen [13] defined
the following standard fundamental sequences for ordinals < ¢ If a < &,
then there exist unique y < a and minimal 8 < a such that a = 8 + w?.
Further, if a is a limit, then y # 0. So by transfinite recursion we can define

B+ @’ !n  if yis a successor,
B + @l if y is a limit.

afn] =

This technique first breaks down at e, since ¢, is the least ordinal such that
€ = w®, by definition.
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Perhaps a clearer, if less succinct, way to think of the standard fundamen-
tal sequences is as follows: Any ordinal & > 0 can be expressed uniquely in
the so-called Cantor normal form

a=0""+ w2+ + 0%
wherea > a; > a, > + + - > o. Further, if a is not an e-number (in particu-
lar, if @ < g), then a > a; > a;, > - - - > a;. From the definition of stan-
dard fundamental sequences, we have

an] = (@ + - - +wmet) + 0®)[n]
@+ 0%er) + %]

WMt e+ %1+ 0% I if o is a successor,
@i+ s+ 0%+ 0% if g is a limit,

Using this formulation of the standard fundamental sequences, one readily

proves:

LEMMA 3. If g > w0®*! > B, then (w® + B)[n] = w® + B[n].

3. Systems of notation. A system of notation consists of a set S, a function
| | (called the absolute value function) mapping S onto an initial segment of
the countable ordinals, and a function Seq: S X 9 — §, such that these
three conditions hold:

(i) if |s] = 0, then Seq(s, n) = sforalln € 9 ;

(i) if |s| is a successor, then Seq(s, n) = Seq(s, m) for all n, m € N, and
|Seq(s, 0)] + 1 = |s];

(iii) if |s| is a limit, then |Seq(s, n)|, as a function of n, is a fundamental
sequence for |s|.

The following predicates, Zero, Suc and Lim, are elementary in a total
extension of Seq:

Zero s iff Seq(s, 0) = s,

Suc s iff Seq(s, 0) = Seq(s, 1) # s,

Lim s iff Seq(s, 0) # Seq(s, 1).

These predicates distinguish between notations whose absolute values are 0, a
successor or a limit, respectively.

We will usually write s[n] for Seq(s, n), even if not Lim s. Let s[n,, n,] =
(s[n,D[n,], and in general let

s[ny ooy mamey 1= (s[ny, ooy ) [Mesn ]
If Zero s or Suc s, we may write P (s) for Seq(s, 0). If n < w we will write n for
any notation such that || = n. The ambiguity in our notation will not harm
us, since in our applications (§4) the functions indexed by finite notations
will be determined by the absolute value n.
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Associated with a system of notation § is a partial ordering <s, defined as
follows:

s <s tiff there exist n,, ..., m, (k > 0) such thats = ¢[n,, ..., n].

This relation is antireflexive, since if s <s ¢, then |s| < |¢]. It is transitive,
since if r = s[n;,...,m]ands = t[m,, ..., mp] then

r=tlm,...,m,n,..., 0l
So it is a partial order.

A norm on a system of notation & is a function N: § — 9U such that the
following three conditions hold:

(i) N(s) = 0iff Zero s, foralls € §,

(i) if s € S and Sucs, then N(P(s)) < N(s),

(iii) if s € S and Lim s, then N (s[n]) < N(s[n + 1]), foralln € 9.

In view of (i), N (k) > k, for all k € 9. Hence for a normed system of
notation, the following predicates are primitive recursive in any total
extensions of Seq and N:

Fin s iff for all k < N (s), not Lim s[0, . . ., 0] (k zeroes) iff |s| < w.

Inf s iff not Fin s iff |s| > w.

The function

Abs(s) = (pz € N(s)) [not Suc P?(s)]
is also primitive recursive in any total extensions of Seq and N. Note that if
|s| = A + n, where A is 0 or a limit, and n < w, then Abs(s) = n. In particu-
lar, if Fin s, then Abs(s) = |s].

A normed system of notation is regulated if, for all s, t € §, if |s| < |¢| and
Lim ¢, then |s| < |[¢[N(s)]|. This condition is used to insure that the funda-
mental sequences rise “fast enough” since

|s[n]| > sup{|f| | [¢| <|s| and N (¢) < n},

in a regulated system of notation. We shall make a more detailed analysis of
the role of this condition after we have defined the subrecursive hierarchy
equivalence property in the next section.

A normed system of notation is p.r.-regulated if it is regulated, and Seq and
N can be extended to primitive recursive functions.

The remainder of this section will present a nontrivial p.r.-regulated system
of notation, based on Schiitte’s Klammersymbols [9]. Because this system has
an initial segment containing, for each limit a < €, a notation s such that
|s| = a and |s[n]| is the standard fundamental sequence a[n] of a, the
subrecursive hierarchy defined on this system extends those previously in
print. However, the results of §4 are true of all p.r.-regulated systems of
notation, and are independent of the remainder of this section.

In Schiitte’s work a Klammersymbol is a symbol
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aga,- - - a,
( boby- - - bn)

where ay, ..., a,, by, ..., b, are ordinals and b, < b; < - - -+ < b,. Schiitte
shows how to extend the domain of any normal function f such that f(0) > 0
to the class of Klammersymbols. We shall be utilizing Schiitte’s extension of
the normal function f(a) = 1 + a. In that case the extension of f, as defined
by Schiitte, is as follows:

DfQ) =f@=1+a.

(i)

ao a 1 o o an)
f (o by~ b,
where a; # 0, is the ayth common solution of the equations

_x a a---a,
x_f(bo bl bz"‘bn)

where a} < a, and b, < b,.

(iii) If A and B are Klammersymbols which can be obtained from each
other by adding or deleting columns of the form (%), then f(4) = f(B).

Schiitte proves that this extension of f is well defined. As Feferman remarks
in[3,p.219, f@%) =wb + a,f¢% ) = k®(a)and f(§ 3 =T,.

Schiitte proves the following useful facts:

xaloo oan
f(bobx' s bn)

LeEmMMA 4. (i)

is a normal function of x.
(i)

aoaloboa’l

ProoF. (i) 3.2, 3.3, and 3.5 on p. 17 of [9].

(ii)6.1onp.230f[9]. O

We shall be dealing with notations for ordinals rather than ordinals
themselves. We shall let the natural number 0 be the only notation for the
ordinal 0. The other notations will be encodings of Klammersymbols. How-
ever, our Klammersymbols will have notations in the positions where Schiitte
has ordinals. We want a way to encode such Klammersymbois in the natural
numbers. As a start, let us define
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dndi -+ a
<bzb: ce b:) =P pps' P3¢ - PSi PR
= H P3P
i<n
where { p;} is the primitive recursive sequence of primes.

This coding is not quite suitable, since it distinguishes matrices which differ
only by the presence or absence of columns headed by 0, whereas Schiitte’s
extension of f does not. By course-of-values recursion, we define the primitive
recursive function C, to “compress” out the columns headed by zero:

C(0) =0,
c(ly=1,

-

C ( H piCO(z,i) H piCo(z,H-Z))

i<2n 2n+1<i<z
where n is the least j < z such that

C(2) = Co(z, 2j) = 0 and there exists m,

2j < m < z,such that Co(z, m) # 0,
if such j exists;

|z otherwise.

(ao al...a" _Cao al...an
by b---b,] by bl"'bu>.
This is the encoding of the Klammersymbols we shall use.

Now we can define the underlying set $ and the absolute value function of
our system of notation, as follows:

Now let

0€5,|0|=0;ifay,...,a,by...,b,€S and o] < -+ - <|by|s
then

aonooan S
(077 ) es.
and
ao. . oan

=f(‘a°, e Ia"l).
by -+ b, |bol"' 'bn’

We adopt the following lexicographic ordering <1 and lexicographic equiv-
alence =, from Schiitte: 0 =, 0, and 0 <, ¢ if ¢ # 0; if
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aooooan coooocn
§= (bo' . 'bn) and 1= (do' .. d,,)’

where |bg| = |dy| < |b)| = |d}| < - -+ <|b,| =4, then s =, ¢ if |a] = |
for all i, and s < ¢ if there exists j such that |g| < |¢]| but for all k > j,
lael = legl.

Notice that in this definition, if either of the notations s or ¢ lacks a column
with a lower member whose absolute value is found in the other term, then
the missing column can be supplied, with an upper member of 0. Hence, for

all notations s, t € S, either s <1 ¢, s =, t or s >1 t. The next lemma follows
directly from the definition of <; and =,.

LEMMA 5. Suppose
aooooan d conoocn
s—(bo“’bn) an t_(do-- ‘dn)’
where |bo| < |by|, |do| <|di|, |by| = |d| < - - - <|b,| =|d,|, and |a] = |c]
Jor all i, 2 < i< n. Suppose |aj| < |c,|, |bo| < |do| and |ag| < |co|- Then
s <yt
Schiitte proves the following useful lemma [9, p. 25 in the middle]:

LEMMA 6. If s =, t, then |s| = |t|. On the other hand, suppose
ao o« o a"
§ = (bo‘ .. b,,) <it.

Then the following three statements determine the order of |s| and |1|:

Q) Is| < 2] iff |a;| < |¢| for all i;

@ii) |s| = |¢| iff there exists i such that |a| = |¢|, and such that for all j, if
J < ithena; = 0,andifj > ithen|a| < |t|;

(iii) |s| > |¢| otherwise, i.e., iff one of these two subcases hold: (a) there exists
J such that |a;| > |t|; (b) there exist j, k such that a; # 0,j < k and |a;| = |t|.

Our next objective is to define Seq. To do this we will need to be able to
recognize which notations are zero, successor or limit notations, by means of
a primitive recursive function K. (The predicates Zero, Suc and Lim are
defined using Seq, so they are not yet available to us.) As a step towards
distinguishing successor and limit notations, let us define the primitive
recursive predicate
Co(s,0) Co(s,2))

0 1
LeMMA 7. If s € § and Eps s, then |s| is an epsilon number.

Epss iff s-'#(

Note. The converse is not true, for if |s| is an epsilon number, then
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[§] = 1 + |s] = |s] is also an epsilon number, but not Eps ().
PrOOF. If s € & and Eps s, then

ao al o o o an
Tlo 1 - )

where |,| > 1 and a, # 0. Hence
s 0

ao a l * o 0 a”
.l. b" <l(6 I b,, =3s.
By Lemma 6(ii), |¥| = |s|. Hence ¥l = |s|. Consequently |s| is an epsilon
number. [

Of course, every epsilon number is a limit, so if Eps s then |s] is a limit. On
the other hand, if s 0 and not Epss, then s = (§%), and _consequently
|s| = w?! + |a|. Hence |s| is a successor iff either a =5 =0 or |a| is a
successor; |s| is a limit iff either a = 0 # b, or |a| is a limit. Accordingly we
will define the function K by course-of-values recursion:

0 if s
1 f

il
— pl

-6
2 if Eps s, orif s = (‘,1’) for some b # 0,
K(a) ifs=(§8)forsomea 0.

K(s) =1

K is primitive recursive, since the existential quantifiers in the third and
fourth lines of the definition are bounded by s. Also, if s € S, then

if |s]=
K(s) =41 if|s]is a successor,
2 if |s] is a limit.
Now to define Seq. If K(s) = 0 then s = 0 and we must define Seq(s, n) =

0 for all n. If K(s) = 1, then either s =1 or s = ¢ %) where K(a) = 1. For
these cases we define Seq by course-of-values recursion on s:

6 ifs=ia
S S = S ) b
e (eq(-a") ) its= (2 2) torsomea k(@) = 1.
0 1

One readily proves, by complete induction on s, that if K(s) = 1, then
|Seq(s, n)] + 1 = |s|, for alln € 9.
If K (s) = 2, we will distinguish three types of limit notations. Let
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ao o o o am -
s= (b Coib ) where g; # Oforalli,0 < i < m.
0 m

Then

Type, s iff K(ap) = 2; _

Type, s iff K(ap) = 1 and b, = 0;

Type, s iff K(ay) = 1 and b, # 0.

If Type, s, then let

Seq(ag,n) a;---a,
wwan=[( 3772)

If Type, s, then Seq(s, n) is defined by primitive recursion on n:

Seq(ap, 0) a;- - - am]

Seq(s, 0) = Sc
(s, 0) [ b,---b,

_ [ Seq(s,n) Seq(aj,n) a,---a,
Seq(s,n + 1) = (Seq(b,, n) bn by b |

where Sc(f) = (¢ £). We shall observe at this point that if Type, s, then Eps s.
For if not Eps s, then s = §4), where a = a,, b = a,. But then |s| = o/l +
|a|, which is a successor, since K(a) = K(ap) =1 when Type, s. This
contradicts the assumption that K(s) = 2. Consequently, Eps s if Type, s.
Then we also have Eps ¢, where

{Seq(ao, 0) a--- am]

0 by---b,

Hence

1 ¢

Is{o]| =
0
If Type, s, then Seq(s, n) is given by primitive recursion on n:
Seq(s, 0) = 0,

_ [ Seqa(s,n)  Seq(ap,0) a;- - - a,
Seq(s,n+ 1) = (ch(bo’ ") by b b |

It is easy to prove, by complete induction on s, that if K(s) =2, then
{ISeq(s, n)|} <., is a fundamental sequence for |s|.

The definition of Seq, which we have broken up in pieces, can be collected
into a single definition, proceeding by course-of-values recursion on s and

=wl +1=f+1
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primitive recursion on n. This is an unnested double recursion, and hence is
reducible to a primitive recursion.
The norm we choose to regulate § is a “symbol counting” norm:

N(0) =0,
N() = N(g) =1,

ao-oa
N(b°mb")=1+N(ao)+ o+ N(a)+N(b) + - +N(b),
0 n

if g, % Oforalli,0 < i < n.

N is defined by course-of-values recursion, so it is primitive recursive. By
complete induction on s, one can show that if K(s) = 1, then N(P(s)) =
N(s) — 1; and if K(s) = 2, then N(s[n]) < N(s[n + 1])foralln € 9.

THEOREM 8. If 5, t € S, |¢| is a limit, and |s| < |t|, then |s| < [t[N(5)]].
Hence S is a p.r.-regulated system of notation.

PROOF. If s = 0 then the theorem is trivial, so we may assume s % 0. The
proof is by complete induction on ¢. There are two major cases: either s <; ¢
ors >t

Case (i): s <1t. We can write

aooooaioooai+m COCOGC.,o..cj+m
S=\pye--b---b and =\, 4. ..z )
o ; i+m 0 y i m

where b, 4| = |d, | for all k, 0 < k < m; |a)| < g5 |a,44] = |¢;44] for all
k,1< k < m; q #0forall k <i;and ¢, # 0 for all kK < j. By Lemma 4,
la] < |s| < || for all k, 0 < k < i+ m. If we can also show that s <;
[N (s)}, then we can deduce that |s| < |¢[N (s)]|, by Lemma 6. We shall either
do this, or show |s| < [¢[N(s)]| directly, for each of the following seven
subcases:

(@Jj > 2

(b)j = l, Typel 2

(C)J = 19 T)'Pez 2

(d)j = 1, Type; ¢,

(e).’ = O, Typel 4,

()j = 0, Type, ¢,

(g)./ = 0’ Type3 2

Subcase (i, a): j > 2. Then ¢[N (s)] is of the form

(c{)- cegy G Cj+m)
d(/)."dj'—l dj‘..dj+m
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s0 § <1 t[N(s)], for the same reason s < ¢, since the decisive columns (j
through j + m) for the lexicographical ordering are the same for ¢ and

t[N ()]
Subcase (i, b): j = 1, Type, t. Then

(V5] = (“"[1;'0“)] . 2:)

Again the decisive columns for the lexicographical ordering relative to s are
the same for ¢ and t[N (5)], so s <1 t[N(s)].
Subcase (i, ¢): j = 1, Type, t. Then

t[N(S) - 1] c,[N(s) - 1] €y cl+m].
dl[N(s) - 1] d dy A
If Lim ¢,, then by induction

|ai| <|"1[N(ai)]| <|CI[N(“:') + N(bi)]l <|Cl[N(3) - l]l’

sos <1t If Suc ¢; then |a;| < |P(c))| = |c)[N(s) — 1. If |a}| < |P(c,)| then

s <1 t{N(s)). If |a;| = |P(cy)|, we reason: If i = 0, then the extra leading

column in ([N (s) — 1] gives s <1 ¢[N(s)]; if i > O then |b,_,| < |b] = |d}|, so

by induction |b,_,| < |d,[N (b,_))]| < |d,[N (s) — 1]|, whence s <; t[N(s)].
Subcase (i, d): j = 1, Type, ¢t. Then

t{N(s) -1 P <o

t[N(s)] — [ (5) ] (c) € Clem )
do[N(s) - 1] dy dy*:diyp

In this case the decisive columns of ¢[N(s)] and ¢, for determining the

lexicographical order relative to s, are the same. Hence s <1 ¢[N (s)].
Subcase (i, €): j = 0, Type, t. Then

([N(s)] = (C"[]Zo(s)] 2: ;"' )

[N =

By transfinite induction,
lai| <[col N (@)]] <|eo[ N (@) + 1]| <|eo[ N ()]]-

Consequently, s <1 ¢[N (s)]. o _
Subcase (i, f): j = 0, Type, t. Then |b,| = |dy| = |0] = 0, so b; = 0, whence
i = 0. Thus

ao aloooam co clooocm
s=(6 bx"’bm) and t_(ﬁ dl...dm’

where |y < |co|- By Lemma 4 (i),
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P(co) ¢1** -6

0 dy---d,
Subcase (i, g): j = 0, Type, ¢. Then

((N()—=1] P(co) - cpn
dG[N@s)-1] 4 dy---d, .

By transfinite induction, |g;_,| < [¢{[N(q;_))]| < |{[N(s) — 1], and similarly
|b;—1] < |do[N(s) = 1]]. Also |a;] < |P(cp)|, since |g;] < |co|. By Lemma 5, s
<1 [N ()]

This concludes the proof of Case (i).

As for Case (ii), s >1 ¢, let us write

o " " Cp
r= (do - dm)
where ¢; # 0 foralli,0 < i < m. By Lemma 6(ii),
either |s| < |¢;| for some k,0 < k < m,
or |s| = |¢| for some k, 1 < k < m.
It is more convenient to consider the equivalent pair of subcases:
either |s| < |co|
or |s| < |¢| for some k, 1 < k < m.
Each of these possibilities will be further analyzed according to the type of ¢,

giving six subcases in all.
Subcase (i, a): |s] < |col, Type, ¢. By transfinite induction,

o[NE] e Gam
dy didiym
Subcase (ii, b): |s] < |col, Type, ¢. Then

P(c)) €1 Gam
dO dl tt dj+m

Is| < <[f[0]] <|t[N(9)]]-

(N(@s)] =

Is]<|eo[ N (9)]] < =|t([N(s)]]-

Is| <[P (co)] < <je[o]] <[{N (®)]]-

Subcase (ii, c): |s| < |co, Types . Then

6 P(Co) L Cpy
do[o] do dl ¢ dm
Subcase (ii, d): |s| < |¢;| for some k, 1 < k < m; Type, t. Then

c°£f,’ ] 2: . f,: =[f[0]] <|[N ()]]-

Subcase (i, €): |s| < |¢.| for some k, 1 < k < m; Type, . Then

Is| <|P (co)| < =|f[1]| <|t[N(s)]|.

Isl <lexl <
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P(c) ¢ G

0 dy---d,
Subcase (ii, f): |s| < || for some k, 1 < k < m; Type, t. Then

Is| <Jex| < <[f[0]] <|t[N()]]-

0 Pleg) ¢ cp
bo[o] do dl e dm

This concludes the proof of the theorem. [J

Finally we will show that $ contains a set of notations corresponding to
the standard fundamental sequences. The simplest notation for ¢, is evidently
). We shall see that if s <s (}) and Lim s, then |s[n]| = |s|[n], where |s|[n] is
the standard fundamental sequence for |s|.

THEOREM 9. () If s € S, 5 # 0, and s <s (-}), then s = §9), where |a| <
w|b|+l.

() If s€ S, s <s () and Lim s, then |s[n]| = |s|[n], where |s|[n] is the
standard fundamental sequence for |s|.

Is| <Je] < =|[1]| <|t([N(5)]|-

Proor. (i) If s <s é) = ¢, then s = ¢[n,, ..., n] for some natural num-
bers n,, . . ., m,. The proof is by induction on k. If k = 1, then s = e[n]. The
notation e is type 3, and its fundamental sequence is given by

e0] =0, e[n+1]= [e[_"] ‘_’] = |3 el ]
1 2 0 1

Trivially [0] < «/*"I*1, 50 each of the nonzero terms of this sequence satisfies
the result.

To prove the induction step, suppose s = e[n,, ..., m, n] = t[n] where
t = e[n, ..., n] By induction, either Zero ¢ or ¢t = (§ §) where |a| < w®*!.
If Zero ¢, then Zero s, and there is nothing to prove. If Suc ¢, then
s=t[n] = P() = P D, where |P(a)| < |a| < w®*. If Lim ¢, there are
three cases: Lim a; or a = 0 and Lim b; or a = 0 and Suc 5.

Case (i, a): Lim a. Then Type, ¢, and ¢[n] = (°§ 4), where |a[n]| < |a] <
wlbl+1,

Case (i, b): a = 0 and Lim b. Then Type,, and

f[n] = (b[-n]) _ [(:J b[_n]]

1 0 1

where [0] < oW+,
Case (i, ¢): a = 0 and Suc b. Then Type, ¢, and

0]=0, ([n+1]= ('[(_;’] P(Tb)).
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Induction on n shows that |¢[n]| = &'P®) n. For the nonzero terms ¢[n + 1] of
this sequence, we have

t[n]] = &P ®ln < @bl = PO+,

again confirming the result.

(ii) By complete induction on |s|. In part (i), we have seen that s = (§ %),
where |a| < wI*!, There are three cases: Lim a; or a = 0 and Lim b; or
a = 0 and Suc b.

Case (ii, a): Lim a. Then Type, s, and

Is[nu—“[”] 2= i+ faln]| = (wP+[al) [n] =[s|[n],

using Lemma 2 for the third equality.
Case (ii, b): a = 0 and Lim b. Then Type, s, and

fn)l = |7 = bt < ] o)

Case (ii, ¢): a = 0 and Suc b. Then Type; s, and

s[0]=0, s[n+1]= (s[_n] PSb)).
0 1
By induction on n, |s[n]| = o/f®ln = ©Pl[n] = |s|[n].

4. The subrecursive hierarchy equivalence property. Given a system of
notation &, we can define sequences of functions indexed by notations of the
system. For example, in Schwichtenberg [10] we find

2* if Zero s,
G,(x) = { Gr»(x) ifSucs,
G(x) if Lims.
Let 8, = 6(G,), and let 8} = & {G,|t <s5)}.
Unfortunately, for arbitrary systems of notation, we cannot prove even
simple desirable properties of the functions G, such as strict monotonicity.
To get around this, Lob and Wainer [7] propose

2* if Zero s,
F,(x) = {Fre(x)  ifSucs,
Fa(ps(x)) if Lims,
where p,(0) =0, p,(1) =1, p,(x)=(pz > p,(x — D)Vy < x) [Fy,(2) <
F(2)]if x > 2. L6b and Wainer show that F, is totally defined for all s € §
(this amounts to showing that p, is totally defined for all limit notations), and
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that F, is strictly increasing for all s € §. Let G, = &(F,), and let F* =
&{FJt <ss).

In addition to the functions G, and F,, we shall consider enumeration
functions E,, proposed by Schwichtenberg [10]. For s € §, let

0 if Zero s,
E,(b,a) = el® (b, a) if Suc s, where H = Ep(,,

el ((b),, @) if Lims, where H = E[¢;)].

Let &, = & (E,). (There is no need to define &%, since E, € &, if t <ss.) If
fE &, let #,(f) = #(f).

We shall say that a system of notation has the subrecursive hierarchy
equivalence property if it has the following two properties:

()b, =9, =9*=6, =G8*foralls € §;

(ii) if |s| = |¢] then &, = &,, for all 5, ¢ € 5.

(Axt [1] called (ii) the uniqueness property.) Our objective is to prove that if &
is a p.r.-regulated system of notation, then & has the subrecursive hierarchy
equivalence property.

Although we shall not explicitly prove it, our techniques can be used to
show that if Seq has a total extension which is primitive recursive, then
8, Cc8*C b, C Y, CF*forall s €S. Pr.-regulation makes two contribu-
tions: first, it enables us to bound p, by a primitive recursive function,
uniformly in ¢ (Lemma 12(i)); and second, it enables us to bound F, in terms
of G, if |s| = |¢| (Lemma 14). Because p, is bounded by a primitive recursive
function, uniformly in ¢, a recursion theorem argument found in Schwichten-
berg [10] can be adapted to prove not just that §* C &,, but also 9* C &,
(Theorem 21). Because F, can be bounded in terms of G, if |s| = |¢|, we can
adapt the proof that &, C %, to also show that &, C G, (Theorem 18). These
strengthened containments suffice to prove the subrecursive hierarchy equiva-
lence property.

The simple majorization properties of the functions F, which we shall use

are listed in the following lemma.

LemMa 10. (i) 2x < G,(x) < F(x) forall s € §.

(i) x2 < F3(x) = Gj(x) = 2% if x # 3.

(iii) Fypy(x) < Fi(x) if b < x,2 < x, and not Zero s.

(iv) Fa(x?) > x**'ifx > 4andy > 1. _

V) F,(x) > G,(x) » Gi(x) = Fg(x)if x > max (k, 1) and |s| > |k| = k.
i) F"(x) 3 (F,(x)™ifx 2 lorm > 1.

(vid) F}' (x) + F"(x) < FPaxumiy),

(viid) F] (x)F]"(x) < FPexmm*i(x),

(@) (F (x))* < EM*(x).
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PrOOF. These are proven by either finite or transfinite induction. As an
example, we prove (ix). The proof is by induction on n. If n =0 and x # 3
then

(FO(x)) = x* < (2)"=2° < 2¥ = F}(x) < F}(x).
If n =0and x = 3 then
(FPQ)'=% <2" = (3 < FQ3).
Now the induction step: lety = F,(x); then

(Fr+' (%)) = (FrE,(0) = (Fr () < (FF ()
< Fr*2(y) = FIVF,(x) = F*3 (x).

The following lemma is well known. Part (i) is proven in L6b and Wainer
[7], and part (ii) is an immediate consequence, because of Lemma 10(v).

LemMa 11. () Foralln € 0N, §; = §; = &3,

(i) If Inf s, then @ C 8, and P C G,.

Let M(s) = max{N(s), P"(s)|m < Abs(s)}. Then M(s) is primitive
recursive. Consequently M (Seq(s, x)) is also primitive recursive. So there
exists k such that if max(s, x) > k, then M (Seq(s, x)) < G,(max(s, x)) for all
notations ¢ such that |7| > k. Now if x > max(s, k), then max(s, x) = x > k,
)

M (Seq(s, x)) < G,(max(s, x)) = G,(x), for all, t] > k.

The value of k will remain fixed through the rest of this paper. The next

four lemmas (12-15) are the essential ones in the proof of the theorems in this
section.

LEMMA 12. (i) If Lim ¢, then p,(x) < Gi(max(s, x)).

(i) If |s] < || and x > max(k, M (s)), then F,(x) < G,(x) < F,(x).

Proor. By simultaneous transfinite induction on |¢. If Zero ¢, then (i) and
(ii) are vacuous.

Suppose Suc 7. Then again (i) is vacuous. The proof of (i) has four
subcases: (a) |s| < |P(?)]; () |s| = |P(#)] = 0; (c) |s] = |P(#)| and Suc s; (d)
|s| = |P ()| and Lim s.

Subcase (a): Suc ¢ and |s| < | P (¢)|. Then by induction

Fy(x) < Gpep(¥) < Gpepy(x) = G, (x)-
Note that x > max(M(s), k), so x > 1. Also Gp(x) > x, s0 Gp,(x) >
GP(:)(x)-
Subcase (b): Suc ¢, |s| = |P(#)| = 0. This is trivial.
Subcase (c): Suc ¢, |s| = |P(?)] and Suc s. The transfinite induction
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hypothesis tells us
Fp((%) < Gp(p(x) if x > max(M (s), k) > max(M (P (s)), k).
Finite iteration of this gives
Fh(x) < Gpp(x) if x > max(M (s), k), foralln > 0.
In particular, F,(x) = Fp(,(x) < Gpy(x) = G,(x).
Subcase (d): Suc ¢, |s| = |P(7)| and Lim s. Since |s| < |¢7], by complete
induction using (i) we have
ps(x) < Gg (max(s, x)) = Gg (x)
since x > k and x > M (s) > s. Hence
Fy(x) = Fyrapy(x) < FyaGg (x)-
Now lety = Gp(,(x) > Gji(x), since Inf P () and x > k. So
F,(x) < FaGg (x) < Fa(»).
:ow Y = Gp(x) > Gi(x) > M(s[x]) > N(s[x]D, so |s[x]| < |P@yl-
ence

Fi(x) < Fr(y) < Gpoty)(¥) = Gp(¥)
= GpGp(¥) = Goi(¥) < Gp(i(%) = G, (x)-
Here note that y > max(M (s[x]), k), so that (ii) applies by induction. Also
x > max(M(s), k) » M(s) > N(s) > I,sox > 2.
This completes the proof of (ii) if Suc ¢.
Suppose Lim ¢. With regard to (i),
p,(0) = 0 < Gg(max(s,0)), p,(1) = 1 < G;(max(s, 1)),
and for x > 2, if y < x then by transfinite induction using (ii)
F1,1G (max(t, x)) < FyGy (max(s, x)),
since Gg(max(t, x)) > k when x > 2, and Gg(max(t, x)) > Gi(max(s,y)) >
M (¢[y]). By the definition of p,(x), p,(x) < Gi(max(t, x)).
To prove (ii) if Lim ¢: if |s| < |¢| and x > max(k, M (s)) > N(s), then
|s] < |¢[x])s so
Fy(x) < Gua(x) = G, (x) < F(x),

by complete induction.

Lemma 13. If Lim ¢, |s| < |¢| and x > max(k, M (s) + 1), then FF(x) <
G,(x) < F(x).

Proor. We adjoin to the system of notation a notation r such that Suc 7,
P(r) = s, and N(r) = N(s) + 1. The resulting system is still regulated, for if
Lim g and || > |r| > |s|, then |g[N (")]| = |g[N(s) + 1]| > |g[N(s)]| > Isl,
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50 |g[N (P]| > |- So the expanded system of notation is p.r.-regulated. Now
note that M(r) < M(s) + 1. So if x > max(k, M(s) + 1) then x >
max(k, M(r)). By the previous lemma, F(x) = F,(x) < G,(x) < F/(x) if
x > max(k, M(s) + 1).

LemMA 14.If |s| = |t| and y > Gi( max(M (s), x)), then F,(x) < G,(»).

PrOOF. By transfinite induction on |¢|. If Fin ¢, then F, = G,, and the result
is trivial since F; is strictly increasing.

If Suc ¢ and Inf ¢, we begin by proving

Fho(x) < GBp'(y) ify > G (max(M (s), x))
for all positive integers n. The proof is by induction on n. If n =1 and

y ? Gi(max(M(s), x)) > Gg(max(M (P(s)), x)), then by the transfinite in-
duction hypothesis, Fp,(x) < Gp(,(»). For the finite induction step,

FEG(x) = FpyFpeo(x) < FpGran'(»)
< Gp(yGrGrn () = G563y ()
As justification, note that
Gp(Grin ' (7) > Gi (max(M (s), G3(5'(»)))
since Inf P (7). The second inequality now follows by the transfinite induction

hypothesis.
To prove the lemma when Suc ¢, we have

F,(x) = F3»(x) < G¥5'(0) < G3w(») = G, (»),

sincey » Gg(max(M (s), x)) > 2x — 1.
To prove the lemma if Lim ¢, we have

Fy (%) = Fap,(x) < FaGi (max(s, x))
< Fra(y) < Gri(y) = G (»)s
by Lemma 12(i) and (ii). Note that
y > Gi(max(M (s), x)) > Gi (max(s, x)) > M(s[x]) > N(s[x]),

so [s[x]] < e[y]). O
The following lemma will play the role of the “annihilator” in Robbin’s
work [8].

LEMMA 15. If b, by, . . ., b; < nandj > F(n + 2), then
Zeros[ by, by, ..., b].

ProoF. By complete induction on |s|. If Zero s, this is trivial. Suppose not
ZeI'O S. If j > F;(n + 2) > F;[bl](n + 2), then j - l > F;[b.](n + 2). SO by
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complete induction (note |s[b,]| < |s| if not Zero s),
ls[bl’ b29 ee ey b-’]l =ls[b|][b2, c ey b-’]l = O. D

As already indicated, the proof of the first stage (Theorem 18: if |s| = |¢]
then &, C 6, and &, C %,) will be founded on the preceding Lemmas 12-15.
To complete the proof, we introduce notation to analyze the process of
computing E,(b, a), for s € & and b, a € 9. We will then define a predicate
CT capable of recognizing correct computations of E, (b, a), suitably en-
coded. Lemmas 12-15 will serve to estimate the length of such computations,
and so establish Theorem 18.

Let us write (s, b,a)— (¢, d, ¢), where s, t €S and b,a,d,c € N, if
Ind b, Ind a and one of the following six cases holds:

@) Sucs, b =<0, 2),t = P(s),d = (a), and ¢ = (a),;

(i) Lim s, b = €0, 2), t = s[(a)g), d = (@), and ¢ = (a),;

Gi)s=t,b={,ned,..., d,),m=(e),,d=dforsomei(l<i<
m),and a = ¢;

Gv) s=1t b={(,nd e,...,e,), m=(d), and ¢ =

(el (e, a), . ..,el"(e,, a)y where H = E;

V) s=1t, b=1{(6,n,d), c =i (a),(a),,...)=Re(i,a) for some i <
(@)o;

i) s=t, b={7,nd), and c = (i, (a),, (a),, . . . ) = Re(i, a) for some
i < (a)o

Intuitively, the relation (s, b, a) — (¢, d, ¢) holds if one would naturally use
elE(d, c) in the computation of e/%(b, a). Let us say that (s, b, a) is terminal
if there is no (¢, d, c) such that (s, b, a) - (¢, d, c). Informally, this means that
el%(b, a) can be computed immediately, without recourse to any scratch
computations e/%(d, c). The triple (s, b, a) is terminal iff it falls under one of
the following six cases:

(vii) not Ind b;

(viii) b = <0, 2) and Zero s;

@ix)b = {1, n, q¢) = #(C7), wheren > 1;

X)b =2, n,iy=#(U), where1 < i < n;

(xi) b =<3,2) = #(+);

(xii) b = 4,2) = #(~).

Let (s, b, a) > * (¢, d, ¢) be the transitive closure of the relation —; i.e.,
(s, b,a) > * (¢, d, ¢) iff there exists n > 0 and (so, by, Gp); - - - 5 (Sps By> )
such that

(5, b, 8) = (5 b dg) = (51, b @) =+ * * = (5 by @) = (1, €).

In particular, (s, b, @) > * (s, b, a) for all (s, b, a), even if (s, b, a) is terminal.

LeMMA 16. If (s, b, a) > * (¢, d, c), then
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@) el®(d, c) < Fb(M(s) + a + k + 1), where K = E,;
(i)d < FE(M(s)+ a+ k+1);
(i) c < FA(M(s) + a + k + 1).
If (s, b, a) > * (1, d, ¢) and Fin s, then
(iv) el®(d, ¢c) < Fl(a + 1);
(V) d < F(a+ 1)
(vi)c < Fi(a+1).

Proor. Throughout the proof weletz = M(s)+a+ k+ 1,y = M(f) +
c+ k+1,K=E, H= E, The proof is by complete induction on |s| and
then on b. Now either (s, b, a) is terminal or it is not. We consider first the
case (s, b, a) is terminal. In this case we are only considering (s, b, a) - *
(s, b, a); i.e., (s, b, a) = (¢, d, c). Trivially

d=b< FP(a+ )< FP(M(s)+a+k+1),

c=a< FP(a+ )< FP(M(s)+a+k+1)
We can establish the lemma by proving e/#(b, a) < F?(a + 1), for then
el®(d,c)= el¥(b,a) < Fb(a + 1) < F/(M(s) + a + k + 1). This is trivial
in all six subcases, (vii)—(xii).

If there exists (¢, d, ¢) such that (s, b, a) = (¢, d, ¢), then by induction

(since (¢, d, c) > * (¢, d, c))
el¥(d,c) < FA(M()+c+ k+1)=Fi(y),
d< F/(y), c<F(»)
where y may be replaced by ¢ + 1 if Fin .

Suppose we can show that F/(y) < F’(z) (if Fins, that Fi(c + 1) <
FP(a + 1)).If (s, b, @) > (1, d, &) > * (u, f, €), then

el’ (f,e) < F?(y) < Ft(z), whereJ = E,,
f< F!(y) < Fi(2),
e< F/(y) < F(2),

by induction. (If Fin s, y may be replaced by ¢ + 1 and z by a + 1.) So to
prove the induction step we will need

el® (d,c) < F! (2)
d< Ff(2) for (s, b,a)—(t,d, c),
¢ < F(2)
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el (b,a) < F! (2)

b < F2(2) for (s, b, a) >*(s, b, a).

a< F(2)
The last two of these are trivial. So we must show the other four and also
FP(y) < F%(2) (replace y by ¢ + 1 and z by a + 1 if Fin s5). The proof has
six subcases, as listed in the definition of the relation —. We will only prove
the hardest subcases, which are (ii) and (iv); the others are proven similarly.

The following proofs remain valid if y is replaced by ¢ + 1 and z by a + 1
when Fin s, except as noted.

Subcase (ii): Lim s, b =0,2), t = s[(a)p), d = (a)y, ¢ = (a),. Then
c<a,andd<a.

Now if |¢| > |k| = k, then

y=M@+c+k+1=M(s[(a)g]) +c+k+1
SFg(M(s)+a+k+1)+a+k+1
S B (M(s)+a+k+1)=F(2).
Letw = FXz). Thenw > y > M(¢) + 1 and w > k, so by Lemma 13
el (b, a) = el¥ (d,¢) < F¢(y) < Fy (w)< F,(w)
= F,F}(2) < FF2(2) = F2(2) < F2 (2).
But if |¢| < k, this argument does not apply, but rather we use the fact that
Fin ¢:
el” (b, a) = el* (d,c) < Fi(c + 1) < Fi(a+ 1) < FA(2)
< F*(w) < F,(w) < FF(2) < EF2(2) < F}(2) < F (2).
Of course we also have (no matter what the value of |¢])
d<a< F'(z), c¢<a<PF()
Subcase (iv): s=1t, b=, nefi,.... ), m= (e),, d=e and c=
el (S, a), ..., el"(f,, a)). Then
¢ < 3m(el® (f,a) + 1)+ - - (¥ (fp @) + 1)
< I(Fh(2) + 1) - - (FR(2) + 1)
< 3m(H|+l(z))2. c (FRH (z))2
SIE(D) - B ()

by Lemma 10(ix). Let w=max(fy +2,...,f, +2)+2m -2 =
max(f;, . .., f,) + 2m. Then by Lemma 10(viii)
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¢ < IE*(z) - - - Ft2(2) < 3 (2).
But 3" < 4" = (Fy(2))" < F§'(2) < F"(2) < F*(z), by Lemma 10(vi). So
¢ <P (2) < P (2)F? (2) < FP*(2)
using Lemma 10(viii) again. Now
w+ 1=max(f,..., f,)+2m+1
< fi+- - +f,+2e+1<b,

using Lemma 1(i). All together, ¢ < F**!(z) < F2(z). Trivially, d < b <
F?(z). And finally, we estimate

el (b,a)=el*(d,c)< F(y)=F/(M({t)+c+ k+1)
< FA(M(s) + FP* (2) + k +1) < FEF (2)
- Fd+w+2 (Z).

Now d+w+2=e+2m+max(fy,...,f,)+2<3e+fi+ - +f,
+ 2 < b, using Lemma 1(i). So all together

el (b,a) = el*(d, c) < Fi(y) < FA*"*2(2) < Fb(2).

The proofs of subcases (i) and (iii) are trivial. Subcases (v) and (vi) require
a trivial application of Lemma 10(viii) and (ix), respectively.

This completes the proof of the lemma. [J]

For any given s € & and b,a € 9N, the calculation of E,(b, a) can be
envisioned as proceeding along a branching tree. Thus if b =
G,mefy, ..., f,), where m = (e),, the tree branches into nodes for the
calculations of e/ (f,, a), . . ., el ({,,, a), and also for

el (e, (el (fi,a),---, el (£, a))),

where H = E,. In general, there will be a node for each (¢, d, ¢) such that
(s,b,a)>*(1,d,c).

Let us augment the nodes of the tree with a fourth component, so that the
nodes are of the form (1, d, ¢, el%(d, c)), where K = E,. Usual coding tech-
niques enable us to encode in 9 such “computation trees”. This can be done
so that there is a primitive recursive predicate CT (s, b, a, z) which recognizes
the correct encoding z of the computation tree for e/¥ (b, a), and so that there
is a primitive recursive function ¥ (z) which extracts e/# (b, a) from z.

To proceed further, we want an estimate of the size of z. If
(t, d, ¢, el (d, ¢)) is a node of z, then (s, b, @) > * (¢, d, ¢), so d, ¢, el*(d, ¢)
< F’(M(s)+ a+ k + 1), by Lemma 16. Also ¢ = s[n,, ..., n], where
Ry...on < FE(M(s)+ a+ k + 1), and

k< F(FP(M(s)+a+k+1)+2)
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by Lemma 15. Since Seq is primitive recursive, we can bound ¢ primitive
recursively in F,(F2(M(s) + a + k + 1) + 2). The number of branches at
the node (1, d, c, elX(d, ¢)) is < d < F®(M(s) + a + k + 1). To bound the
length of paths in the computation tree, we first notice that any path will
consist of sections in which the first component remains constant, but the
second component decreases. Since the second component is

SFE(M(s)+a+k+1),

this bounds the length of any section in which the first component remains
constant. The number of maximal sections in a path is bounded by
F(Fé(M(s) + a+ k + 1) + 2), by Lemma 15. The product of these two
bounds must bound the length of any path. All together, we can define a
primitive recursive function 4 () such that

z< A(u) forallu > F(Ft(M(s)+a+k+1)+2).
Thus we have the following “normal form” theorem:

LEMMA 17. There exists a primitive recursive predicate CT (s, b, a, z), and
primitive recursive functions V (z) and A(u) such that for all s € S and all
bae N,ifu> F(F(M(s) + a+ k + 1) + 2), then

el” (b,a) = V(pz < A(w))CT (s, b, a, 2),
where H = E,.
Now we can prove:
THEOREM 18. For all s, t € S, if |s| = |t|, then &, C F, and &, C 8,.
Proor. If Fin s, the result is known (Schwichtenberg [10]).
If Inf 5, we prove only the harder case, if Lim s. Let r = s[(b),, H = E,,

d=(b), and u = F(F*(M(s) + a+ k + 1) + 2). Then E,(b, a) =
el®(d,a) = V((uz < A(4)) CT(r, d, a, z)). Now

u=F(FP(M(s)+a+k+1)+2) < F*3*(M(s)+a+k+1)
< F,M(’)""""”“‘“(M(s) +a+b+k+ 1)
SEM(s)+a+b+k+1)
KGGi(M(s)+a+b+k+1)
SFGi(M(s)+a+b+ k+1),

by Lemmas 13 and 14. Hence the following is true, if we let
eitherw = GGy(M(s)+a+ b+ k+ 1)
orw=FGi(M(s)+a+b+k+ 1)

E,(b,a) = V((pz < A(4))CT(r, b, a, 2)),



P. R-REGULATED SYSTEMS OF NOTATION 115

which is elementary in Seq, M, G; and either G, or F,, depending on the
choice of w. But Seq, M, Gy € ? C §, n F,, by Lemma 11(ii), since Inf ¢, so
E, is elementary in G, and in F,.

We now turn to the second stage of the proof that every p.r.-regulated
system of notation has the subrecursive hierarchy equivalence property; i.e.,
proving the converse containments to Theorem 18. Our technique, using a
form of the Recursion Theorem, is adapted from Schwichtenberg [10]. The
only obstacle is that we are allowing Seq and N to be primitive recursive
rather than only elementary. The next lemma provides certain functions for
manipulating indices to get around this difficulty. They are all constructed by
familiar techniques.

LeEMMA 19. (i) There is a primitive recursive function Gr(s, n) such that if
SES and |s| > n, then el®(Gr(s, n), a) = F;((a),), where H = E,. ILe.,
Gr(s, n) = # (F;).

(ii) There is a primitive recursive function Gr*(m, n) such that if m > n, then
el (Gr*(m, n), a) = F;((a),), where H = Eg. Le., Gr*(m, n) = # -(F).

(iii) There is a primitive recursive function Sh(s, n, b) such that, for all s € &
and all n € 9 such that |s| > n, el (Sh(s, n, b), a) = elX(b, a), where H =
E,and K = F;. Le., Sh(s, n, # () = #,(/)-

The next lemma is a Recursion Theorem, whose proof is readily gener-
alized from that found in Schwichtenberg [10].

LemMA 20. If f(x,a,...,a,) € &,, then there is an index b such that
S, @y -5 (a),,—1) = el (b, a), where H = E,.

THEOREM 21. If § is a p.r.-regulated system of notation, then for all s € S,
9, C&,and §, C &,.

Proor. We will prove only the harder case, that %, C &,. Choose n > k so
that Seq, Gr*, Sh, Abs, Charg,, € %,. We will use the Recursion Theorem to
construct a function h(s) € 9; such that F,(x) = el#(h(s), {x)), for all
s € §,where H = E,.

We begin by listing the properties that will insure that h(s) = #,(F,). If
Fin s, we can require

h(s) = Gr*(Abs(s), Abs(s)).
If Suc s and Inf s, then (letting K = Ep,, H = E, = el¥)
F,(x) = Fge(x) = el® (It(x, (P (5))).{x))
= H(It(x, h(P(s))), {x))

= el ($67 (<0, 25, #,(As.2t(x, h(P(5)))), #(In,))(xD)-
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(Recall In;(x) = {x); see Lemma 1(iii).) To determine # ,(Ax.It(x, h(P(5)))),
suppose h has index # . (h). Then # (h) = Sh(s, n, #(h)), by Lemma
19(iii), so

#(\x.01(x, h(P(s)))) = Sb} (#(1:), #(UY), Sb}(Sh(s, n, # g (h)),
Sb} (Sh(s, n, # 5, (Seq)), #(C1), #(CY))))-
Hence we should require

h(s) = 2 (<0, 2y, S5 (# (1), #(UL), Sb} (Sh(s, m, # £, (h)),

553 (Sh(s, m, # 5 (Seq)), <1, 1, 5%, #(CP)))), #(In))
= f,(#E(h),s) if Sucsand Infs,

where f, € %;.

If Lim s, then F,(x) = F,,pp,(x), where p(0) =0, p(1) =1, p(x)=
(m2)[z > p,(x — 1) and (Vy < x)[Fyp,(2) < Fy(DN} if x > 2.

By Lemma 12(i), p,(x) < Gg(max(s, x)). By Lemma 1(i),

x 2x+1)
(o@D, - - -» (%)) < 3(Gi (max(s, x)) + 1) = D (s, x),
where D € ¥;. This enables us to eliminate the recursion from the definition
of p,:

py(x) = Out(( Bz < D(s, x))[ (Vi < x)[if i <2 then (2), = i, and if

i > 2then [(2), > (2),_, and

Wy < D[ E(@)) < Faa@)]]]] %)
In view of Lemma 2(iii) there is a function f,(b, s) € %; such that

L(#5(h),5) = #(p),
assuming of course that h € F;. So (letting H = E; and K = E,),

F,(x) = Fap,(x) = el® (h(s[x]), {ps(x)})
= E,({x h(s[x])} <ou(x)))
= e (Sb,2 (<0, 2), Sb3 (#(1ny), #(U}), Sb} (#,(h),
SB3 (# (Seq), #(C}), #(UY)))), Sbi (#(Iny),

SBH(fy (#5,(R). 5), #(U1)))), <x>).
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So we should require

h(s) = Sb3(<0,2), Sb3(# (Iny), #(U!), b} (Sh(s, n, # f,(R),
S} (Sh(s, n, #(Seq)), <1, 1,5), #(U})))),

Sbi (#(Iny), Sb} (£ (# 5, (k), 5), #(U}))))
= fy(#£(h),s) ifLims,

where f; € ;. All together, we must require

Gr*(Abs(s), Abs(s)) if Fins,
h(s) =1 fi(#E(h),s) if Suc s and Inf s,
f3(#E(h), s) if Lim s,

=fs (#F;(h)’ 5),
where f, € %;. Let b be an index of f,(b, s) in F;, and let h(s) = f,(b, s). Then
h(s) = f(# g (h), s), as required. Consequently, el (h(s), {x)) = F,(x) for
alls€ S andallx € N.So F, € &, foralls € §.
Similarly, G, € &, foralls € §.

THEOREM 22. If S is a p.r.-regulated system of notation, then & has the
subrecursive hierarchy equivalence property.

PROOF. By Theorems 18 and 21, &, = 9, = §, foralls € §, and &, = &,
if |s| = ¢, for all s, t € S. The only thing remaining is to show that
b, =9 =68rforalls € 5. Now if t <s s, then F,, G, € &, C &,, which
establishes the result.

5. Open problems. This paper can only be a first contribution to the general
problem of choosing suitable extensions of the Grzegorczyk Hierarchy. As
such, it raises many open questions, all of which are variants of the informal
question, “How good are regulation techniques?”

1. The most obvious approach is to consider systems of notation con-
structed analogously to Kleene’s O [5], with the constraint of being regulated
by some primitive recursive norm N. Thus, given an enumeration of the
unary elementary functions, admit to 0, at each limit stage those elementary
fundamental sequences which are regulated by N. Then Oy is p.r.-regulated.
It appears to be difficult to find an N such that 0, demonstrably has a
notation for w2 Assuming this is possible(®), one might hope to find an N
which in fact contains notations for all “standard” fundamental sequences.

(3)The author now doubts that this is possible. It would seem that Feferman’s technique in [2]
can be adapted to show that |0y| > w? is contradictory.
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Such a system might shed light on the elusive concept of “standard”, both as
it applies to ordinals and to subrecursive hierarchies.

2. What is the least ordinal which can not be represented in a p.r.-regulated
system of notation? Is this the same as the least nonrecursive ordinal, or is it
smaller? Is there a single p.r.-regulated system of notation with notations for
every ordinal less than the least nonrepresentable ordinal?

3. What are the closure properties of the hierarchies of p.r.-regulated
systems of notation? '

4. Are there further conditions on p.r.-regulated systems of notation which
will insure that, for any two such systems, their associated hierarchies are the

same for all ordinals represented in both?
5. Are there weaker conditions than being p.r.-regulated, sufficient for the

subrecursive hierarchy equivalence property?
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